The symmetry of the joint distribution of the numbers of crossings and nestings of two edges has been observed in many combinatorial structures, including permutations, matchings, set partitions, linked partitions, and certain families of graphs. These results have been unified in the larger context of enumeration of northeast and southeast chains of length 2 in 01-fillings of moon polyominoes. In this paper we extend this symmetry to fillings of a more general family -layer polyominoes, which are intersection-free and row-convex, but not necessarily column-convex. Our main result is that the joint distribution of the numbers of crossings and nestings over 01-fillings is symmetric and invariant under an arbitrary permutation of rows.
Introduction
Recently there have been many interesting results on the combinatorics of crossings and nestings over discrete structures. In particular, it is observed that the numbers of crossings and nestings of length 2 often have a symmetric distribution. The first example is the classical permutation statistics that count the number of inversions and coinversions. Another example comes from complete matchings, which are partitions of the set {1, 2, . . . , 2n} into n blocks of size 2. In a matching, two blocks (i 1 , j 1 ) and (i 2 , j 2 ) form a crossing if i 1 < i 2 < j 1 < j 2 ; they form a nesting if i 1 < i 2 < j 2 < j 1 . The symmetry of the joint distribution of crossings and nestings over complete matchings follows from a bijection of de Sainte-Catherine [8] , who also found the generating function for the number of crossings (or nestings). This result was extended to set partitions by Kasraoui and Zeng [12] , to linked set partitions by Chen, Wu and Yan [3] , and to certain diagram associated with permutations by Corteel [5] . Klazar [13] , and Poznanovikj and Yan [15] studied further the distribution of crossings and nestings over the generating trees of matchings and set partitions, respectively.
Kasraoui unified the symmetry of crossings and nestings in [11] by using the model of fillings of moon polyominoes, where a moon polyomino is a collections of cells in Z 2 that are convex and intersection-free, (see Section 2 for exact definitions). Crossings and nestings become northeast and southeast chains of length 2 in fillings of polyominoes. Kasraoui proved that the statistics (ne, se), the numbers of northeast and southeast chains of length 2, have a symmetric joint distribution over the set of 01-fillings of moon polyominoes where either every row has at most one 1, or every column has at most one 1. In both cases, the joint distribution of (ne, se) can be expressed as a product of (p, q)-Gaussian coefficients. This symmetry was further strengthened in [2] which showed that the northeast and southeast chains can be mixed according to the positions of the 1-cells in a chain, yet the new statistics still have the same joint distribution as (ne, se).
From the bi-variate generating function of (ne, se) one notes that these statistics (and their mixed variants) are invariant under permutations of rows and columns of the underlying polyomino, provided that the resulting polyomino is still convex and intersection-free. Such an invariant property also appears in other combinatorial statistics of fillings of moon polyominoes, for example, in the sizes of longest northeast chains and southeast chains [9, 10, 16] , and in the major index for 01-fillings of moon polyominoes [4] . The motivation of the present paper is to understand this invariant property for the pair (ne, se).
To keep the convexity, rows (or columns) of a moon polyomino can not be permuted arbitrarily. It is natural to ask whether there is a larger family of polyominoes that allows a free permutation of rows while preserving the distribution of (ne, se) over 01-fillings. As observed by Kasraoui [11] , the condition of intersection-free is necessary. In this paper we propose the notion of layer polyominoes, which are polyominoes that are intersection-free and row-convex, but not necessarily column-convex. The family of layer polyominoes are closed under permutation of rows. In fillings of layer polyominoes the northeast and southeast chains are still well-defined. Our main result is that over all 01-fillings of a layer polyomino where every row has at most one 1, or every column has at most one 1, the distribution of (ne, se) depends only on the sets of the rows, but not how the rows are arranged.
The paper is organized as follows. Section 2 contains necessary notation and the main result that the distributions of (ne, se) is invariant under the action of the symmetric group S n on the rows of the underlying layer polyominoes. In Section 3 we describe how to obtain the joint distribution of (ne, se) over 01-fillings of a layer polyomino, and then apply our results in section 4 to derive the symmetry of the mixed statistics for fillings of moon polyominoes. We conclude the paper with some comments and counterexamples to a few seemingly natural generalizations.
Northeast and southeast chains in layer polyominoes
We begin by giving necessary notations in the language of fillings of polyominoes. A polyomino is a finite subset of Z 2 , where every element of Z 2 is represented by a square cell. The polyomino is row-convex (column-convex ) if its intersection with any row (column) of Z 2 is connected. It is convex if it is both row-convex and column convex. A polyomino is said to be intersection-free if every two rows are comparable, i.e., the column-coordinates of one row form a subset of those of the other row. It is easily checked that this is equivalent to say that every two columns are comparable.
Definition 1.
A polyomino is called a moon polyomino if it is convex and intersection-free; it is called a layer polyomino if it is row-convex and intersection-free, but not necessarily column-convex.
The term of "moon polyomino" was first introduced by Jonsson [9] in the study of generalized triangulations and diagonal-free subsets of polyominoes. Jonsson also suggested a family of stalactite polyominoes, which are column-convex, intersection-free, and the columns are aligned on the top. By definition, a moon polyomino is a layer polyomino whose rows are arranged in a unimodal order; while a stalactite polyomino, after a 90 o rotation, becomes a layer polyomino that is aligned on the left (or right). Figure 1 shows a moon polyomino and a general layer polyomino. We remark that all the results in this paper apply to polyominoes which are intersection-free and column-convex, but not necessarily row-convex. Given a layer polyomino L, we assign 0 or 1 to each cell of M so that there is at most one 1 in each column. Throughout this paper we will simply use the term filling to denote such 01-fillings. In a filling a cell is empty if it is assigned 0, and is a 1-cell otherwise. We label the rows from top to bottom, and the columns from left to right. The cell (i, j) is referring to the cell lying in the i-th row and the j-th column.
A 2 × 2 submatrix S of L is a set of four cells in L with the coordinates
Note that if S is a submatrix of L, then all the cells
A northeast (NE) chain of length 2 in a filling L consists of a 2 × 2 submatrix S as in (1) where (i 1 , j 2 ) and (i 2 , j 1 ) are 1-cells. There is no constraint on the filling of the other two cells. Similarly, a southeast (SE) chain of length 2 consists of a submatrix S where (i 1 , j 1 ) and (i 2 , j 2 ) are 1-cells. In both cases we say that the submatrix S is the support of the chain. Unless otherwise specified, all the chains in this paper are of length 2. The numbers of NE-chains and SE-chains of L are denoted by ne(L) and se(L), respectively. Assume the polyomino L has n rows and m columns. Let s = (s 1 , . . . , s n ) ∈ N n and e = (ε 1 , . . . , ε m ) ∈ {0, 1} m with
We denote by F(L, s, e) the set of fillings L of L such that the i-th row has exactly s i 1's, and the j-th column has exactly ε j 1's, for 1 ≤ i ≤ n and 1 ≤ j ≤ m. For example, the filling in Figure 2 has s = (0, 1, 1, 1, 1, 2) and e = (1, 0, 1, 1, 1, 1, 1).
Our main result is that the distribution of (ne, se) is invariant under any permutation of rows of the underlying layer polyomino.
Theorem 2. Let L be a layer polyomino with rows R 1 , ..., R n from top to bottom. For a permutation σ ∈ S n , let L = σ(L) be the layer polyomino whose rows are R σ(1) , R σ(2) , . . . , R σ(n) , and
Proof. It is sufficient to prove Theorem 2 for adjacent transpositions, that is, when σ = (k, k + 1) where k ∈ {1, . . . , n − 1}. Explicitly, let L be the layer polyomino obtained from L by exchanging the rows R k and R k+1 . We construct a bijection
Let R be the largest rectangle contained in rows Proof of the claim. It is clear that L ∈ F(L , s , e). We prove the first equation only. The second one can be treated similarly.
First note that any NE-chain formed by two 1-cells outside R k ∪ R k+1 is not changed. Next we consider the NE-chains with exactly one 1- 
Then the number of NE-chains formed by X and 1-cells in R equals the number of columns in {C t ∩ R : (a, t) ∈ L and t < b} if a < k, {C t ∩ R : (a, t) ∈ L and t > b} if a > k + 1.
In both cases, this number remains same in L and L . Now we consider the rows R k ∪ R k+1 . Let w(L) be the word defined as in Step 3(b) . Then the number of NE-chains formed by two 1-cells in R k ∪ R k+1 is exactly the number of inversions of w(L). But for any sequence w 1 w 2 . . . w n ∈ {0, 1} n ,
Hence there are equal number of NE-chains of this type in L and L .
Combining the above cases, we have ne(L) = ne(L ).
Proof. Let L be the polyomino obtained by reversing the In addition to the set F(L, s, e), we can also consider 01-fillings of a layer polyomino with arbitrary column sum, but every row has at most one 1. Explicitly, let L be a layer polyomino with n rows and m columns. Given e = (ε 1 , .
let F c (L, e, s) be the set of fillings of L with the row-sum e and column-sum s. We have Theorem 4. Let L be a layer polyomino with rows R 1 , ..., R n from top to bottom. For a permutation σ ∈ S n , let L = σ(L) be the layer polyomino whose rows are R σ(1) , R σ(2) , . . . , R σ(n) , and e = σ(e) = (ε σ(1) , ε σ(2) , . . . , ε σ(n) ). Then
Proof. Again we prove the equation holds for any adjacent transposition σ = (k, k + 1) by constructing a bijection φ c : F c (L, e, s) → F c (L , e , s) that preserves the statistics (ne, se). The map φ c is essentially the same as φ, but it can be described much simpler since for fillings in F c (L, e, s) every row has at most one 1.
Again let R be the largest rectangle contained in rows
(1) any 1 in a cell (i, j) ∈ R or i / ∈ {k, k + 1} stay in the same cell;
(2) any 1 in a cell (i, j) ∈ (R k ∪ R k+1 ) − R move to the cell (σ(i), j).
The proof that φ c preserves (ne, se) is similar to that of Theorem 2, and is omitted here.
Formula for the symmetric generating function
In this section we give the explicit generating function of (ne, se) for fillings of layer polyominoes. Let F L (p, q) be the joint distribution of (ne, se) over the set F(L, s, e), that is,
The formula of F L (p, q) can be derived from Theorem 2.2 of Kasraoui's [11] which gives the bi-variate generating function of (ne, se) for fillings of moon polyominoes. However, we shall show that using Theorems 2 and 4, one can reduce the computation of F L (p, q) to enumeration of crossings and nestings of linked partitions, for which the formula is known [3] . This in turn provides a new proof for Kasraoui's formula for fillings of moon polyominoes.
Given a layer polyomino L, let L 1 be the polyomino obtained from L by rearranging the rows from longest to shortest. Assume L 1 = α(L) where α is a permutation of rows. By Theorem 2,
Next, we rearrange the columns of L 1 from large to small to form L 2 . Let β be the column permutation from L 1 to L 2 . Then by Theorem 4 (applying it to the 90
Hence it is enough to compute the distribution of (ne, se) over L 2 . Note that L 2 is a Ferrers diagram (partition shape) with the same sets of row lengths and column lengths as L. Figure  4 shows the transformation from L → L 1 → L 2 . It is first observed by de Mier [7] that fillings of Ferrers shapes with prescribed row and column sums are in one-to-one correspondence with loop-less graphs on [n] with given leftright degree sequence. In a graph G on [n], the left (resp. right) degree of a vertex i is the number of edges that join i to a vertex j with j < i (resp. j > i). The left-right degree sequence of G is the sequence (l i , r i ) 1≤i≤n , where l i is the left-degree of i and r i is the right degree of i. In particular, if in each pair (l i , r i ), either l i or r i is 0, the graph is called a left-right graph. A bijection is described by de Mier in [7, Section 3] between the fillings of Ferrers shapes to left-right graphs, under which the NE/SE-chains in a filling become nestings and crossings formed by two edges in a graph.
Using de Mier's bijection, fillings of the Ferrers diagram L 2 with given row-sum α(s) ∈ N n and column-sum β(e) ∈ {0, 1} m become graphs on the vertex set [n + m] where for each vertex, the left-right degree is either (0, α(s) i ) or (β(e) j , 0) . Note that the left degree of any vertex is either 0 or 1. Such graphs have been studied in [3] under the name linked partitions. The bi-variate generating function of crossings and nestings in linked partitions have been given in [3, Theorem 3.5] . Translating to fillings of L 2 , we obtain a product formula in terms of (p, q)-Gaussian coefficients, which covers Kasraoui's result for moon polyominoes [11] .
To describe the formula, recall that the p, q-integer [r] p,q is given by
and the p, q-factorial
where s i are entries of the row-sum vector s, and h(i)'s are integers determined by the row lengths of L and the vectors s, e.
The explicit values of h(i)'s and the complete description of the bijection between fillings of Ferrers diagrams and linked partitions are given in [17, Section 4.2], and hence not repeated here. We remark that in [17] the authors provided another way to transform the enumeration of (ne, se) over fillings of moon polyominoes to those of a Ferrers diagram. The idea is to associate with a moon polyomino M a charge function C : M → {±1} which induces a sign on the NE/SE-chains of length 2, and then prove that the numbers of positive and negative chains have a stable distribution which is independent of the charge function. The connection between charge functions and layer polyominoes is currently under investigation.
Mixed statistics on 01-fillings of moon polyominoes
There is a stronger symmetry between the northeast and southeast chains of length 2 in fillings of moon polyominoes. In [2] Chen et.al. introduced four families of mixed statistics with respect to a bipartition of rows or columns of the underlying moon polyomino, and proved that the symmetric joint distribution holds for each family of mixed statistics. In this section we explain such a symmetry for moon polyominoes by Theorem 2 and 4.
Let S be a subset of rows for a moon polyomino M. An NE/SE chain is called a top S-NE/SE chain if its top 1-cell is in S; Similarly, it is a bottom S-NE/SE chain if the lower 1-cell of the chain is in S. LetS = M \ S be the complement of S. Given a filling M ∈ F(M, s, e), define the top-mixed statistic α(S; M ) and the bottom-mixed statistic β(S; M ) with respect to S as α(S; M ) = #{top S-NE chains of M } + #{topS-SE chains of M }, β(S; M ) = #{bottom S-NE chains of M } + #{bottomS-SE chains of M }.
Analogously one defines the left-mixed statistic γ(T ; M ) and right-mixed statistic δ(T ; M ) with respect to a subset T of columns.
The main result of [2] is that let λ(A; M ) be any of the four statistics α(S; M ), β(S; M ), γ(T ; M ), δ(T ; M ), then the joint distribution of the pair (λ(A; M ), λ(Ā; M )) over F(M, s, e) is symmetric and independent of the subsets S, T . In particular, the joint distribution is the same as the distribution of (ne(M ), se(M )).
We show that the stable distribution of mixed statistics can be derived from results in Section 2. We discuss the case of top-mixed statistics only. Other mixed-statistics can be treated similarly. In a moon polyomino M, assume the rows in S are R i 1 , R i 2 , . . . , R is , and rows not in S are R j 1 , R j 2 , . . . , R jt , where i 1 < i 2 < · · · < i s , j 1 < j 2 < · · · < j t , and s + t = n. Given a filling M of M, let L be the filling of a layer polyomino L(S) obtained from M by rearranging the rows of M together with the fillings in the order R i 1 , R i 2 , . . . , R is , R jt , . . . , R j 2 , R j 1 . See Figure 5 for an illustration, where the rows in S are shaded in the moon polyomino M, and the right-hand side label indicate how the rows are rearranged Proof. We compare the chains in the fillings M and L. For any chain that is counted by α(S; M ), it is either a top S-NE chain or a topS-SE chain of M . Assume the two 1-cells in the chain are A and B, where A is the one on the top.
1. If it is a top S-NE chain of M , then A ∈ S. Note that for any row R i ∈ S and a row R k with k > i in M, R i stays above R k in L(S). Hence A and B still form an NE-chain in L.
2. If it is a topS-SE chain of M , then A ∈ M \ S. For any row R j ∈ M \ S and a row R k with k > j in M, R j is moved below R k in L(S). Hence any topS-SE chain of M becomes an NE-chain of L.
Similarly we see that topS-NE chains and top S-SE chains of M becomes SE-chains of L. This proves the claim.
Proposition 6 implies that the distribution of (α(S; M ), α(S; M )) is same as the distribution of (ne, se) over fillings of L(S), where L(S) has the same set of rows as M. Hence by Theorem 2 and Corollary 3, this distribution is symmetric and independent of S.
Concluding remarks
We conclude this paper with some comments and counterexamples to a few seemingly natural generalizations of Theorem 2 and 4.
First, it was observed by Kasraoui [11] that with no restrictions on the row sum or the column sum, the joint distribution of the statistics (ne, se) is not symmetric over arbitrary 01-fillings of moon polyominoes, and hence layer polyominoes.
A similar problem can be considered for N-fillings, i.e., each cell (i, j) of the polyomino is assigned a non-negative integer n i,j . For a submatrix S as in (1) in the polyomino, it contributes n i 2 ,j 1 n i 1 ,j 2 NE-chains, and n i 1 ,j 1 n i 2 ,j 2 SE-chains. It is natural to ask whether the joint distribution of (ne, se) is symmetric over arbitrary N-fillings with a fixed total sum of entries. The answer is negative, as shown by the following counterexample.
Example 2. Consider the Ferrers diagram of shape (3, 3, 2) and N-fillings with sum of entries equal to 5. We compute the number of fillings with ne = 6 or se = 6. It is easy to check that to get six NE-chains or six SE-chains, the set of entries in the fillings must be (3, 2), (2, 2, 1), or (2, 1, 1, 1) . With the entries (3, 2), there are five fillings with ne = 6 and five with se = 6; With the entries (2, 2, 1), there are six fillings with ne = 6 and six with se = 6; while with the entries (2, 1, 1, 1) , there is one filling with se = 6 (see Figure 6 ), but none with ne = 6. Notes that the difference between moon polyomino and layer polyomino is that the latter is only required to be row-convex, but not necessary column-convex. Another natural question is whether we can get rid of the convexity completely? That is, for an arbitrary intersection-free polyomino, whether the pair (ne, se) is symmetric or preserved under permutation of rows. Example 3 gives a negative answer. Figure 7 is intersection-free but not row-convex nor column-convex. (The cell at the 3rd row and 2nd column does not belong to L. ) Consider 01-filings L such that every row has exactly one 1, and the column sum is (2, 1, 1 L L Figure 7 : Non-convex polyomino
Kasraoui also provided examples [11, Sec.6] showing that in a convex but not intersectionfree polyomino, the distribution of (ne, se) may not be symmetric.
Finally we consider the length of maximal NE-chains in a filling. A k-NE chain in a filling L on L is a k × k submatrix consisting of cells {(i s , j t ) ∈ L : 1 ≤ s, t ≤ k, i 1 < i 2 < · · · < i k , and j 1 < j 2 < · · · < j k } such that the cells (i r , j r ) are filled with 1 for r = 1, . . . , k. Let maxne(L) be the maximal k such that L contains a k-NE chain. The statistic maxne(L) has been studied for fillings of Ferrers diagrams, stack polyominoes, and moon polyominoes, for example, see [1, 6, 7, 9, 10, 14, 16] . In particular, [16] showed that in 01-fillings of a moon polyomino with given row sum, (but no constraints on the column sum), the distribution of maxne depends only on the set of columns, but not how the columns are arranged.
The proofs of [16] imply that in 01-fillings of a moon polyomino where every row/column has at most one 1, the distribution of maxne depends only on the set of rows (or columns). This is not true for layer polyominoes. We found two polyominoes, shown in Example 4, that differ by exchanging the position of two adjacent rows, yet the distribution of the length of the longest NE-chain are different. 
